This paper studies diagonal spacetime metrics. It is shown that the overdetermined Einstein vacuum equations are compatible if one Killing vector exists. The stability of plane gravitational waves of the Robinson type is studied. This stability problem bares a fantastic mathematical resemblance to the stability of the Schwarzschild black hole studied by Regge and Wheeler. Just like for the Schwarzschild black hole, the Robinson gravitational waves are proven to be stable with respect to small perturbations. We conjecture that a bigger class of vacuum solutions are stable, among which are all gravitational solitons. Moreover, the stability analysis reveals a surprising fact: a wave barrier will be transparent to the Robinson waves, which therefore passes through the barrier freely. This is a hint of integrability of the 1 + 2 vacuum Einstein equations for diagonal metrics.
I. INTRODUCTION
In the theory of relativity, the Einstein-Hilbert action is
where R is the scalar curvature of the spacetime metric g µν , g is the determinant of g µν and the integration is performed over the four-dimensional spacetime. Varying the Einstein-Hilbert action (1) with respect to the inverse metric g µν gives Einstein's vacuum equations,
where R µν is the Ricci curvature tensor. Einstein's vacuum equations determine the evolution of the spacetime metric g µν in empty space. This paper focuses on diagonal spacetime metrics. These are metrics that can be written in the form
where δ µν is the Kroncker delta. Here and in the rest of this paper, Einstein's summation convention is not used. In matrix form, the diagonal metric is
It is convenient not to worry about the sign of the metric. Instead, one may restore the proper metric signature (−+ ++) by substituting H 0 → iH 0 . It is a well known result that every metric g µν may be diagonalized at any given event of spacetime (e.g. by using Riemann normal coordinates) [1] . Nevertheless, this is a local result, which holds globally only for very specific spacetime metrics. This means that the class of metrics that can be casted into the diagonal form (3) globally should be expected to have unique features. It is important to keep in mind that the diagonality of the metric is not an invariant property. In other words, some nondiagonal metrics g µν may be transformed to the diagonal form (3) by a proper choice of coordinates. The goal of the rest of this paper is to study the system of vacuum Einstein Eqs. (2) for diagonal metrics (3). In particular, the mathematical structure of the equations and their physical implications on gravitational waves are emphasized.
Section II includes a derivation of the Einstein equations in the case of the diagonal metric (3). A convenient form for analyzing the equations is obtained. Section III shows that if at least one Killing vector exists, Einstein's equations for diagonal metric are compatible. In section IV, plane gravitational waves are studied. A simple criteria for asymptotic flatness and compatibility of the field equations for plane waves are derived. One of the most famous examples of such plane waves is the Bondi-PiraniRobinson (BPR) waves [6] . In section V it is proven that such waves are stable with respect to diagonal perturbations that depend on 1 + 2 coordinates.
As a concrete example, in section VI a BPR wave with soliton-like properties is studied. The emitted (perturbation) wave is shown to travel through the BPR wave without any reflection and independently of the amplitude of the BPR wave. The latter implies that a strong (BPR) gravitational wave would be transparent to the perturbation wave. The only remnant of the collision is a phase shift which depends on the angle between the two waves. These properties, which are typically exhibited by solitons, suggest that the 1 + 2 vacuum Einstein equations for diagonal metrics are integrable, similarly to the 1 + 1 vacuum Einstein equations [7, 8] .
II. THE FIELD EQUATIONS
For the diagonal metric (3), the inverse metric is
and the Christoffel symbols are
where µ, ν, λ are assumed to be mutually exclusive indices (µ = ν, µ = λ, ν = λ). Define the rotation coefficients
with which one can write the off-diagonal Ricci curvature tensor as
for µ = ν. As for the diagonal elements, the Ricci tensor gives
where
The scalar curvature is
Since the determinant of the metric is det g = (H 0 H 1 H 2 H 3 ) 2 , the Einstein-Hilbert action (1) is
If one performs an integration by parts to remove the second order derivatives in E µν , a very concise formula for the Einstein-Hilbert action in terms of the metric coefficients only is obtained,
The reader should not be alarmed by the appearance of the imaginary root of unity i = √ −1. It is there due to the signature of the metric and the transformation H 0 → iH 0 , which was mentioned after Eq. (4), reveals immediately that the action (13) is manifestly real-valued as expected.
III. COMPATIBILITY
When studying general metrics, the symmetric g µν has ten elements, four of which may be eliminated through the use of gauge transformations. This makes the vacuum Einstein equations R µν = 0 an overdetermined system of ten equations for six unknowns. In normal circumstance this might raise the question of compatibility. Nevertheless, this is not an issue, as one can prove using the four Bianchi identities that the vacuum Einstein equations are indeed compatible [1] .
However, the situation is rather different when discussing diagonal metrics (3). In this case, Einstein's vacuum equations R µν = 0 give ten equations again, but this time for only four unknown functions H µ (µ = 0, 1, 2, 3). In this case, the usual argument using the Bianchi identities ceases to hold, and an important question thus arises: are the Einstein's vacuum equations for diagonal metrics compatible?
Consider the diagonal metric in Eq. (3) with the additional assumption that it is independent of x 3 . Mathematically, this means that the metric has the Killing vector ∂ 3 and depends on the three coordinates x 0 , x 1 , x 2 only. In this case, the off-diagonal terms of the Ricci curvature tensor (8) give only three independent equations
coupled to the four diagonal equations
for µ = 0, 1, 2, 3. Eqs. (14) and (15) will be referred to as the 1 + 2 vacuum Einstein equations for diagonal metrics. The 1 + 2 vacuum Einstein equations for diagonal metrics form an overdetermined system of seven equations for four unknown functions. As an overdetermined system, the compatibility of the seven equations must be proven, as it does not follow from the argument typically used for non-diagonal metrics. The authors could not find any evidence for such a result in the literature. Whether the 1+2 Einstein equations for diagonal metrics are indeed compatible is a very natural question to ask, as such metrics have many applications in cosmology and astronomy, some of which will be described in the next sections. Fortunately, it turns out that the answer is affirmative, as the next theorem proves.
Theorem 16. The 1 + 2 Einstein equations for diagonal metrics (14, 15) are compatible.
Proof. Proving the statement of this theorem using the original degrees of freedom H 0 , H 1 , H 2 and H 3 is rather tedious. Instead, it is much easier to exploit the special role of H 3 as the degree of freedom that corresponds to the Killing vector ∂ 3 . Define,
Using the new degrees of freedom α, β, γ and Λ, the offdiagonal Einstein Eqs. (14) are
As for the diagonal Eqs. (15), it is convenient to represent them in an equivalent form through the variational formulation. The Lagrangian density of the EinsteinHilbert action (13) is now
The variations δS δα = δS δβ = δS δγ = 0 give three of the diagonal equations
while the last diagonal equation,
To prove the statement of the theorem, we differentiate each of Eqs. (20) with respect to x 2 , x 1 and x 0 respectively. This gives three third order equations for α, β and γ. One may now eliminate each of the third order terms using the non-diagonal Eqs. (18). After a lengthy algebra, one sees that with the aid of Eqs. (18) once more, all 38 terms in each equation completely vanish. Therefore the 1 + 2 Einstein equations for diagonal metrics are indeed compatible.
The degrees of freedom α, β, γ, and Λ from theorem (16) are very useful. They provide an alternative way to study general diagonal spacetime metrics (3). With such degrees of freedom the spacetime interval is
(22) The spacetime interval (22) naturally generalizes the interval studied in [7, 8] . To see this, assume the metric is independent of x 2 , set β = γ and define f = γ 2 e −2Λ . This turns the spacetime interval (22) into
(23) For this metric one may use the inverse scattering transform [7, 8] to derive gravitational solitons on diagonal metrics [5] .
There is another merit of using the new degrees of freedom, as in the course of the proof of theorem (16) we just derived a new conservation law. This is of course Eq. (21). Whenever the metric is asymptotically flat, it also yields the integral of motion,
which is the conjugate momentum of the function Λ, as can be easily seen from the Lagrangian in Eq. (19).
IV. PLANE GRAVITATIONAL WAVES
Waves come in many forms and shapes. The simplest of which are of course plane waves, whose wavefronts are parallel planes extended ad infinitum. In general relativity, plane gravitational waves are typically studied as a special case of the famous pp-waves [9] . The pp-class consists of any spacetime metric that can be casted into the form,
Recently, a coordinate-free definition of them was given [10] . For such a metric, Einstein's vacuum equation reduces to Laplace's equation,
and is therefore linear in H. A pp-wave is called a plane wave if H can be transformed into
where a(u) and b(u) control the waveform of the two possible polarizations. Diagonal metrics of 1 + 2 coordinates with the spacetime interval (22) may describe pp spacetimes as well as many non-pp spacetimes (such as the Schwarzschild black hole). Either way, it is important to keep in mind that they correspond to a different class of solutions of Einstein's vacuum equations.
The equations considered in the previous section allow investigating diagonal metrics (22) with
where each metric coefficient depends on all three coordinates through
The form of the parameter η corresponds to the naive definition of a plane wave propagating with velocity v = (p 2 +q 2 ) −1 , similarly to plane waves studied in other fields of physics. The factor 1/2 is there because then setting p = 1 and q = 0 reduces η to its former definition from the theory of gravitational solitons [7] . But is this 'naive' plane wave consistent with the canonical definition of a plane wave as a subset of the pp-class?
To answer this question, consider Einstein's vacuum equations. For the metric coefficients (28), the diagonal Eq. (21) gives
where the prime denotes differentiation with respect to η.
Integrating it and noticing that Λ must vanish at some moment of time shows that the integration constant is trivial. Hence the following algebraic relation holds,
To ensure asymptotic flatness, one may impose the conditions α, β, γ → 1 and Λ → constant at spatial infinity. In particular, this guarantees that the metric converges to the Minkowski metric. Taking this limit in Eq. (31) gives the relation
which has a clear physical interpretation: a sufficient condition for the gravitational wave to be asymptotically flat is for it to travel precisely at the speed of light, just like the plane pp-waves [9] . Whenever p, q = 0 the off-diagonal Eqs. (18) give three nonlinear ordinary differential equations,
Similarly, the diagonal Eqs. (20) are
As in the last section, Einstein's equations in this case are an overdetermined system. They are seven equations for four unknowns α, β, γ and Λ. Unfortunately, theorem (16) is no longer valid, as the functions sought here are of a very special form, depending on the coordinates x 0 , x 1 , x 2 through the phase η only. This means that compatibility has to be studied once more.
We substitute then the off-diagonal Eqs. (33) 
Indeed, this means that every gravitational wave that is diagonal and planar must satisfy the compatibility condition (35). In virtue of Eq. (32) we will also assume that it propagates at the speed of light. It will next be proven that one may always take p = 1 and q = 0. Thus, without loss of generality it is sufficient to consider a wave propagating along the positive x 1 -axis only. To prove this claim, subtract each pair of consecutive off-diagonal equations (33) to write them as
These equations can be integrated immediately to yield
where C 1 , C 2 and C 3 are arbitrary constants of integration. Adding Eqs. (37) and multiplying the result by αβγ gives a compatibility condition
Therefore, there are several possibilities. If C 1 = 0 then β is proportional to α. Rescaling the coordinate x 1 by the same proportionality factor shows that such metric is of the form (22) with β = α. The second case is when either C 2 = 0 or C 3 = 0. Assuming without loss of generality that it is the former C 2 = 0, show that γ is proportional to α and therefore from Eq. (35), β = ±α giving again the form (22) with β = α. The last case is when α, β and γ are all proportional to one another.
We have therefore shown that without loss of generality, the metric can always be written in the form (22) with α = β. In this work we study the case where p = 1 and q = 0, and the variable η in Eq. (29) reduces back to its definition from [7] . This means that all of the metric coefficients depend only on η = 
The solutions of Eq. (40) are the famous Bondi-PiraniRobinson (BPR) waves [6] . It is a known fact that a BPR wave is in particular a pp-wave [9] .
V. STABILITY
As shown in the last section, by properly choosing the coordinate system used, one may always describe a plane gravitational wave with a diagonal metric as propagating along the positive x 1 -axis. This means that all the coefficients of the metric defined in Eq. (22) are functions of the light-cone coordinate η = 1 2 (x 1 − x 0 ) alone. Furthermore, it was shown in the last section that one may also assume that β = γ = 1. These waves satisfy the Bondi-Pirani-Robinson Eq. (40),
where α 0 = α(η) and Λ 0 = Λ(η), and the prime denotes differentiation with respect to the variable η.
Eq. (41) reveals a peculiar situation where the two degrees of freedom satisfy only one equation, which is thus an underdetermined system for α 0 and Λ 0 . Therefore one of the functions α 0 or Λ 0 can be set arbitrary. Physically, this means that such a gravitational wave may have any wave profile as determined by Λ 0 (see figure 1) .
As a practical example, consider the solution solution is of fundamental importance in scattering theory.
2 is a Bargmann potential [11] . It is worthwhile reviewing the general definition of Bargmann potentials as their unique characteristics appear in this stability problem.
In general, a Bargmann potential is a function of the form
where ∆ is the determinant
i, j = 1, 2, . . . , n, the constants M i are real, and λ i > 0. In the case considered above, we have N = 1, λ 1 = 1 and M 2 1 = 2. Bargmann potentials are also commonly called "the N -solitonic potentials" or "reflectionless potentials".
The solution α 0 in Eq. (42) vanishes at η = 0, and therefore the metric (39) is singular at this point. Nevertheless, this is not a physical singularity. A simple but lengthy calculation shows that all of the components of the Weyl tensor C µνλσ [1] are proportional to either one of the two components C 0220 or C 0330 given by
(45) Therefore the BPR spacetime is never singular when α 0 = 0. In fact, α 0 = 0 corresponds to events at which the spacetime is flat.
As mentioned earlier, the metric (39) will be asymptotically flat if Λ 0 → 0 as |η| → ∞. Given a particular Λ 0 satisfying this property, the general solution α 0 of Eq. (41) may be unbounded. If one further imposes the conditions α 0 → const and α 0 → 0 as η → −∞, then α 0 ∼ c 1 + c 2 η at infinity η → ∞, for two real constants c 1 and c 2 . Most of the rest of this work will focus on such solutions α 0 for which c 2 = 0. This is the class of functions α 0 that are bounded at infinity. In particular, this class of solutions includes the Bargmann potential solution given by Eq. (42).
Since the BPR waves are a solution the Einstein vacuum Eq. (2), the stress-energy tensor T µν is identically zero and there is no other source of gravitational fields. One can therefore think of the field and the stress it produces as being in equilibrium under the gravitational effects of the Bondi-Pirani-Robinson gravitational waves themselves. We have an equilibrium, but is it stable? The goal of this section is to explore this fascinating question.
The stability of plane gravitational waves is of great importance. In the past two decades there have been serious attempts to detect gravitational waves, so far unsuccessful. This includes the experiment conducted at the Laser Interferometer Gravitational-Wave Observatory (LIGO), a monumental project costing several hundred million dollars [12] . If plane gravitational waves are unstable, there is a very good reason they are difficult to detect, as small departures from idealized waves might destroy them.
To study this question of stability, consider a small perturbation of the Bondi-Pirani-Robinson waves that allows them to propagate weakly in the perpendicular x 2 -direction and to even reflect in the negative x 1 -direction. It is convenient to use light-cone coordinates [7] ,
In the approximation of a small perturbation, the equations are linear in first order. It is then possible to separate their disturbance into proper modes and find their frequencies, whether real (stability) or imaginary (instability). Therefore we consider metric coefficients of the form
where δα, δβ, δγ and δΛ are small corrections that depend on all three variables ζ, η and x 2 . Here α 0 and Λ 0 are the original BPR coefficients mentioned in Eq. (41), and are dependent on η alone: α 0 = α 0 (η) and Λ 0 = Λ 0 (η).
Linearizing Eqs. (20) with respect to the perturbation, and transforming to Fourier modes ζ → Ω and x 2 → k gives three second order differential equations for the perturbations of α, β and γ:
where the primes denote differentiation with respect to the variable η.
As for the off-diagonal equations in (18), the first equation is a second order ordinary differential equation for the function δα,
The second and third equations in (18) yield two first order equations for the perturbations δβ and δγ provided that the frequency k is nonzero,
and are otherwise automatically satisfied. Last but not least, Eq. (21) is a first order equation for the difference in perturbations of β and γ,
Thus, we obtained an overdetermined system of ODEs that includes seven equations for the four unknowns δα, δβ, δγ and δΛ. Quite remarkably, a very similar situation occurs in what physically seems to be a completely different stability problem in general relativity -the stability of the Schwarzschild singularity. In a famous work of Regge and Wheeler [13] , they showed that the complete set of Einstein's equation gives only seven equations for four unknowns, just like we have here. To analyze the equations herein obtained, it is convenient to distinguish two cases that are physically very different.
The case k = 0 describes a perturbation wave that travels in the x 1 as well as the x 2 direction. Moreover, if Ω = 0 such a wave reflects in the negative x 1 -direction due to its collision with the BPR wave.
Here the stability of the BPR wave and that of the Schwarzschild singularity reveals a great similarity. For the latter, Regge and Wheeler proved that the seven stability equations are equivalent to three differential equations coupled to one algebraic relation, from which the stability of the Schwarzschild black hole followed [13] . Considering the fact that the two problems are physically quite different, it is quite surprising that also in this problem one may reduce the overdetermined set of seven equations to a much simpler set of three ordinary differential equations coupled to one algebraic relation.
Theorem 52. If the frequency k = 0 then the seven stability equations (48), (49), (50) and (51) are equivalent to four equations, three of which are first order equations for δβ, δγ and δΛ,
plus an algebraic relation for δα,
Proof. Eqs. (50) allow completely eliminating any derivatives of δβ and δγ in each of the stability equation. In fact, differentiating them and plugging their derivatives into the first off-diagonal equation in (48) gives a trivial result. Therefore the first off-diagonal equation in (48) is the consequence of two of the diagonal equations.
Similarly, the diagonal Eq. (49) can be used to eliminate the second derivative of δα in the two remaining off-diagonal Eqs. (48). The result can be simplified even more by excluding the derivatives of δβ and δγ again. This gives two first order equations for δa,
Adding these equations proves that the algebraic Eq. (54) holds. It can be used in the last diagonal equation (51) to eliminate δα altogether, yielding an equation for δΛ. This is the last equation in (53) (the first two equations in (53) were already derived in Eqs. (50)). This proves the that seven equations imply the four equations (53) and (54). Conversely, it is a straight-forward but an elaborated task to use Eqs. (53) and (54) in the seven Eqs. (48), (49), (50) and (51) and see that they are satisfied.
The fact that Eqs. (53) are decoupled from δα, shows that one only needs to focus on these equations. Once solved, they can be immedietly used in Eq. (54) to give the function δα.
Let δβ = 
One may eliminate B + from the third equation using the second equation, to get a first order equation relating L and B − . It is a miracle that it can be written in a very simple form
where Ψ = 2iΩL − Λ 0 B − is a complex-valued 'wavefunction'. It may be integrated immediately to obtain an algebraic relation between L and B − , in Eqs. (58) and (59).The functions Ψ and B − seem to be singular when α 0 vanishes. However, the authors computed the curvature (Petrov) invariants [14] , from which it is evident that the points where α 0 vanishes are not physical singularities.
The case k = 0 corresponds to a metric which is independent of x 2 . Physically, it represents a perturbation wave propagating along the negative x 1 axis towards a head on collision with the BPR wave.
In this case one may assume without loss of generality that β = γ, and particularly δβ = δγ [5]. This case k = 0 can be naturally studied using a limiting procedure from the case k = 0. Indeed, taking the limit k → 0 in Eq. (58) yields
One can see that the ψ is completely independent of η. This leads to an astonishing fact. A gravitational wave of small amplitude traveling along the negative x 1 -axis will go straight through the BPR wave which is traveling in the opposite direction. This result is independent of the amplitude of the BPR wave. In other words, in this case the perturbation is trivial and a gravitational BPR wave of arbitrary strength is completely transparent to the transverse perturbation wave.
VI. TRANSPARENCY OF STRONG GRAVITATIONAL WAVES
As was mentioned earlier, asymptotically α 0 is always a linear function of η. In this section, we will study the case where α 0 approaches a constant asymptotically. Without loss of generality, we will assume that |α 0 (η)| → 1 as |η| → ∞.
By redefining the constant of integration K(Ω, k) in Eq. (58), we may rewrite the 'wave-function' as
This means after the collision the asymptotic behavior of Ψ is
and before the collision its asymptotic behavior is
If we set
for 0 < s < 1, then Eq. (62) gives the form of the wave after the collision,
Taking the inverse Fourier transform gives the explicit form of the transmitted wave
This means that after the collision, ψ is a wave of the form
Let us assume that the wave Ψ is maximal (i.e. that its modulus |Ψ| is maximal) at φ = 0. Restoring back the original coordinates x 0 and x 1 via Eq. (46) and setting x 0 = 0 shows that the position of the transmitted wave satisfies
giving a transmitted wave with a scattering angle θ, satisfying
In order to understand the behavior of the wave prior to the collision, we proceed in a similar fashion and take the inverse Fourier transform of Eq. (66). An analogous computation yields
where ∆ was defined in Eq. (64). Therefore the incident wave has the same shape and direction as the transmitted wave. In other words, a small transmitted wave would go through a strong BPR wave without any reflection (see figure 2 ). Its direction is preserved after the collision, and the only remnant of the collision is a phase shift s 2 ∆ as given by Eq. (72). This is one of the defining properties of solitons [11] .
Let us consider a practical example for the stability of the Bondi-Pirani-Robinson wave. Let α 0 = tanh η and Λ 0 = ±1 cosh η be the BPR wave that was mentioned in Eq. (42). For this wave the integral in Eq. (58) can be evaluated explicitly,
Consider now a collision between the incident wave Ψ (for fixed frequencies k and Ω) and a wave barrier. Normally, such a collision generates a reflected wave. However, here the asymptotic behavior of Ψ is
showing that the wave Ψ maintains the same asymptotic behavior except for a phase shift. Therefore the wave Ψ is transparent to a BPR wave of arbitrary amplitude (see figure 2 ). This is a striking fact and a strong hint of integrability.
VII. CONCLUSIONS
In studying the stability of the Bondi-Pirani-Robinson wave and that of the Schwarzschild black hole, we noticed a remarkable analogy between the problems. It is therefore very reasonable to expect that stability follows in more general circumstances. The fact that both the Bondi-Pirani-Robinson wave and the Schwarzschild black hole are a special case of the block diagonal metric integrable by the inverse scattering transform [7] , makes it tempting to conjecture that perhaps all the solutions of the Einstein vacuum equation belonging to this class of metrics are stable.
In both cases k = 0 and k = 0 imaginary modes yield a spacetime that is not asymptotically flat and can therefore be disregarded on physical grounds. Consequently, we conclude that there are no unstable solutions for the perturbation, and that the Bondi-Pirani-Robinson (BPR) wave is stable.
Beyond the mere stability, the case where α 0 η→±1 − −−− → ±1 (where (Λ 0 ) 2 is a Bargmann potential (43)) was studied further. In this case, an emitted wave traveling for a head-on collision towards a BPR wave of arbitrary amplitude revealed a fascinating physical phenomena. The emitted wave travelled through the BPR wave with no reflection. Moreover, the transmitted wave left the collision process intact, with its original shape and direction. The only hint of the collision process was a phase shift (see figure 2 ). This phenomenon is common to integrable systems that describe solitons [11] , and makes one suspect that the 1 + 2 vacuum Einstein equations for diagonal metrics (14, 15) 
